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Abstract
Let M be an analytic manifold over R or C, θ a 1-dimensional Log-Canonical
(resp. monomial) singular distribution and I a coherent ideal sheaf defined on
M . We prove the existence of a resolution of singularities for I that preserves
the Log-Canonicity (resp. monomiality) of the singularities of θ. Furthermore,
we apply this result to provide a resolution of a family of ideal sheaves when
the dimension of the parameter space is equal to the dimension of the ambient
space minus one.
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1 Introduction
A foliated ideal sheaf is a quadruple (M, θ, I, E), where: M is a smooth an-
alytic manifold of dimension n over a field K (where K is R or C); I is a
coherent and everywhere non-zero ideal sheaf of M ; E is an ordered collection
E = (E(1), ..., E(l)), where each E(i) is a smooth divisor onM such that
∑
i E
(i)
is a reduced divisor with simple normal crossings; θ is an involutive singular dis-
tribution defined over M and everywhere tangent to E. In the same notation,
a foliated analytic manifold is the triple (M, θ,E) and an idealistic ideal is the
triple (M, I, E).
The main objective of this work is to find a resolution of singularities for I
that preserves the class of singularities of θ. In order to be precise and set nota-
tion we briefly recall some basic notions of singular distributions and resolution
of singularities:
• Singular distributions (we follow [BaBo]): Let DerM denote the sheaf
of analytic vector fields over M , i.e.,the sheaf of analytic sections of TM .
An involutive singular distribution is a coherent sub-sheaf θ of DerM such
that for each point p in M the stalk θp := θ.Op is closed under the Lie
bracket operation.
Consider the quotient sheaf Q = DerM/θ. The singular set of θ is defined
by the closed analytic subset S(θ) = {p ∈M : Qp is not a free Op module}.
A singular distribution θ is called regular if S(θ) = ∅. On M \ S(θ) there
exists an unique analytic subbundle L of TM |M\S(θ) such that θ is the
sheaf of analytic sections of L. We assume that the dimension of the K
vector space Lp is the same for all points p in M \ S (this always holds if
M is connected). This dimension is called the leaf dimension of θ and is
denoted by d. In this case θ is called an involutive d-singular distribution.
A blowing-up σ : (M˜, E˜) → (M,E) is admissible if the center C is a
closed and regular sub-manifold of M that has simple normal crossings
with E (see pages 137-138 of [Ko] for details). Finally, given an admissi-
ble blowing-up:
σ : (M˜, θ˜, E˜)→ (M, θ,E)
we define the singular distribution θ˜ as the strict transform of θ intersected
with Der
M˜
(−E˜).
• Resolution of singularities:(we follow [Ko]) The support of the ideal
sheaf I is the subset V (I) := {p ∈M ; I.Op ⊂ mp} where mp is the max-
imal ideal of the structural ring Op.
Given an admissible blowing-up σ : (M˜, E˜) → (M,E) we say that it has
order one in respect to I (or to (M, θ, I, E)) if the center C is contained
in the support of I (see definition 3.65 of [Ko] for details). In this case:
the total transform of the ideal sheaf I is the ideal sheaf I∗ := I.O
M˜
; the
controlled transform of the ideal sheaf I is the ideal sheaf Ic := O(F )I∗,
where F stands for the exceptional divisor of the blowing-up (see subsec-
tion 3.58 of [Ko]). An admissible blowing-up of order one of a foliated
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ideal sheaf (M, θ, I, E) is the mapping:
σ : (M˜, θ˜, I˜, E˜) −→ (M, θ, I, E)
where the ideal sheaf I˜ is the controlled transform of I. We extend this
notion to a sequence of blowings-up in the obvious manner, i.e., a sequence
of admissible blowings-up of order one is a sequence:
(Mr, θr, Ir, Er) · · · (M0, θ0, I0, E0)
σr σ1
where each blowing-up σi+1 is admissible of order one in respect to (Mi, θi,
Ii, Ei). In particular, in this case the composition σ = σ1 ◦ · · · ◦ σr is
an isomorphism over M \ V (I). A resolution of an ideal sheaf I is a
sequence of admissible blowings-up of order one such that Ir = OMr . In
particular, I.OMr is the ideal sheaf of a SNC divisor on Mr with support
contained in Er. We remark that the existence of a resolution of I is first
proved by Hironaka in [Hi], and more modern proofs can be found e.g.
[BiMil1, Ko, V2, W2].
Now, we start our study by defining which class of singularities of θ we want to
preserve. For example, if we assume that θ is a regular singular distribution, we
could try to resolve the singularities of I in such a way that the singular distri-
bution θr is also regular. Unfortunately, it is easy to get examples of foliated
ideal sheaves whose resolution necessarily breaks the regularity of a distribution:
Example: If (M, θ, I, E) = (C2, ∂
∂x
, (x, y), ∅) then the only possible strat-
egy for a resolution is to blow-up the origin, which breaks the regularity of the
distribution.
Since the class of regular foliations is too restrictive for our purposes, we work
with two classes of singular foliations which will be stable under suitably chosen
blowings-up. More precisely:
• Log-Canonical foliations where introduced by Mcquillan (see [Mc]) and
correspond to the class of minimal singularities of general singular folia-
tions, i.e.,it is the best kind of foliations one can expect to obtain from
reduction of singularities Theorems (see details in section 2.1);
• R-monomial foliations are defined in section 2.2 and are deeply related
with the notion of resolution in families and monomialization of maps
(their leaves correspond to the level curves of a monomial map - see
Example\Lemma 2.4). Furthermore, it is reasonable to speculate that
they are minimal foliations (in the above sense) of totally integrable sin-
gular foliations.
Our main result provides a global resolution of singularities that preserves the
two above classes under the hypothesis that θ has leaf dimension one. In order
to be precise, since we are working in the analytic category, we define the notion
of local foliated ideal sheaves as quintuples (M,M0, θ, I, E) whereM0 is an open
relatively compact subset of M . We can now present the main Theorem of this
work:
4
Theorem 1.1. Let (M,M0, θ, I, E) be a local foliated ideal sheaf and suppose
that θ is Log-Canonical (resp. R-monomial) and has leaf dimension equal to 1,
then there exists a sequence of admissible blowings-up of order one:
(Mr, θr, Ir, Er) · · · (M1, θ1, I1, E1) (M0, θ0, I0, E0)
σr σ2 σ1
such that Ir = OMr (i.e.,a resolution of I) and θr is Log-Canonical (resp.
R-monomial).
Remark 1.2. This Theorem is a Corollary of Theorem 5.1 where we also prove
that this resolution is functorial in respect to a certain class of smooth mor-
phisms called chain-preserving smooth morphisms (see section 3.2 for a precise
definition).
Remark 1.3. The class of Z-monomial foliations is possibly the smallest class
of foliations where we can resolve singularities of I preserving the class of the
foliation (at least for leaf-dimension 1).
The originality of this result comes from the fact that the searched resolu-
tion can not be given by the usual Hironaka’s algorithm (this is exemplified in
section 1.1). The proof relies in an invariant that we call tg-order (abbreviation
for tangency order - see section 3.1 for the precise definition). This invariant
measures the order of tangency between an ideal sheaf I and a singular distri-
bution θ, even if the objects are singular. In particular, if θ is equal to DerM ,
the order of tangency coincides with the usual multiplicity of the ideal sheaf.
We then apply Hironaka’s algorithm to the maximal tangency-order locus. This
guarantees some necessary “compatibility” conditions between each blowing-up
and the transforms of the singular distribution. These “compatibility” condi-
tions are formalized by the notion of θ-admissible centers (see section 2.3 for
more details).
Remark 1.4. Although all proofs and results of this manuscript are set in the
analytic category, they are also valid for the algebraic category if one consider
etale neighborhoods instead of analytic neighborhoods.
1.1 Example
Let us start with a simple example that illustrates the additional difficulties
appearing in the problem under study. We consider the Log-Canonical foli-
ated ideal sheaf (M, θ, I, E) = (C3, θ, I, ∅), where θ is generated by the regular
vector-field ∂ = ∂
∂z
+ z ∂
∂x
and I is the ideal generated by (x, y). Notice that the
admissible blowing-up of order one σ : (M˜, θ˜, I˜, E˜) −→ (M, θ, I, E) with center
C = V (x, y) provides a resolution of I. Nevertheless, in the x-chart (x = x˜,
y = y˜x˜ and z = z˜x˜), the singular distribution θ˜ is generated by:
∂˜ = x˜
∂
∂z˜
+ z˜(x˜
∂
∂x˜
− y˜ ∂
∂y˜
)
which is not Log-Canonical since the linear part is nilpotent. Thus, in order
to preserve the Log-Canonicity, we are forced to blow-up the origin first: σ1 :
(M1, θ1, I1, E1) −→ (M, θ, I, E). In this case, the interesting chart is the z-chart
(x = x1z1, y = y1z1 and z = z1), where we obtain:
I1 = (x1, y1) ∂1 = z1 ∂∂z1 + (z1 − x1) ∂∂x1 − y1 ∂∂y1
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and the vector-field ∂1 is clearly Log-Canonical. Now, once again a blowing-up
with center (x1, y1) would break the Log-Canonicity of the singular distribution,
so we are forced once again to consider the blowing-up of the origin: σ2 :
(M2, θ2, I2, E2) −→ (M1, θ1, I1, E1). In this case the interesting chart is the
z1-chart (x1 = x2z2, y1 = y1z1 and z1 = z2), where we obtain:
I2 = (x2, y2) ∂2 = z2 ∂∂z2 + (1− 2x2) ∂∂x2 − 2y2 ∂∂y2
and the vector-field ∂2 is clearly Log-Canonical. Now the reader can easily
verify that the blowing-up with center (x2, y2) resolves I and preserve the Log-
Canonicity of the singular distribution.
1.2 Applications and Related Problems
In this section we indicate two research topics that are related to this work.
Other related subjects are treated in [Bel1]. For instance, in chapter 8 of [Bel1],
the main Theorem 1.1 is used to study the existence of slices for certain lie
group actions over an analytic and regular variety.
Application: Resolution in families.
A smooth family of ideal sheaves is given by a quadruple (B,Λ, π, I) where:
the ambient space B and the parameter space Λ are two smooth analytic man-
ifolds; the morphism π : B −→ Λ is smooth; The ideal sheaf I is coherent and
everywhere non-zero over B. In the context of this work, a smooth family of
ideal sheaves (B,Λ, π, I) gives rise to a foliated ideal sheaf (B, θ, I, ∅), where θ
is the maximal regular distribution such that (Dπ)θ = 0.
Many works have addressed resolution processes for families of ideal sheaves.
By this, we intuitively mean a resolution of I that ‘preserves’ the structure of
family. The precise meaning of resolution in families is not well-established in
the literature, e.g., two non-equivalent definitions are proposed in [ENV, V1].
In [V1] the working definition is based on the notion of quasi-smooth morphism,
which is deeply related to the notion of codimension one monomial singular dis-
tributions.
Based on this observation we propose the following definition for resolution
in families:
Uniform Resolution in Families of Ideal sheaves: An uniform resolu-
tion of a smooth family of ideal sheaves (B,Λ, π, I) is an admissible sequence
of blowings-up of order one:
(Br, θr, Ir, Er) · · · (B1, θ1, I1, E1) (B, θ, I, ∅)
σr σ2 σ1
such that Ir = OBr and θr is Z-monomial.
We remark that this notion of resolution in families has originally been pro-
posed at [DR] in the context of smooth families of planar foliations by curves.
In particular, it is an essential step in Roussarie’s program for the existential
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part of the Hilbert 16th Problem.
As a consequence of the results in [V1], it is already proved the existence of
an uniform resolution in families for the case where dimΛ = 1 (under the ad-
ditional hypotheses that the morphism π is flat over V (I)). Furthermore, as a
consequence of Theorem 1.1, the following result is immediate:
Corollary 1.5. Given a smooth family of ideal sheaves (B,Λ, π, I) such that
dimΛ = dimB − 1 then, for every relatively compact open set B0 ⊂ B, there
exists an uniform resolution of (B0,Λ, π0, I0) where π0 = π|B0 and I0 = I.OB0 .
Related Problem: Monomialization of maps.
An analytic map Φ : M −→ N is monomial if at every point p in M , there
exists a coordinate system x = (x1, ..., xm) over Op and y = (y1, ..., yn) of OΦ(p)
such that:
Φ(x) = (Φ1(x), ...,Φn(x)) = (x
α1 , ...,xαn)
where the multi-indexes αi = (αi,1, . . . , αi,m) are all linearly independent, i.e.,α1∧
· · · ∧ αn 6≡ 0. We now consider the following problem (for a precise formulation
see [Ki, Cu1]): given an analytic map Φ :M −→ N such that dΦ is generically
of maximal rank, can we assume, up to a sequence of blowings-up in M and N ,
that the map Φ : M −→ N is monomial?
The best results, to date, on the algebraic category are given in a series of
articles of Cutkosky [Cu1, Cu2, Cu3] (where local uniformization for any di-
mension and global monomialization for maps from three folds to surfaces is
proved) and an article of Dan Abramovich, Jan Denef and Kalle Karu [ADK]
(where monomialization by modifications is proved). Nevertheless, the problem
in all its generality is still not solved and very few results seem to exist for the
analytic category.
The present work naturally relates with this problem since monomial singu-
lar distributions are level curves of monomial maps. We shall explore such a
relation in a forthcoming manuscript (which can already be found in arXiv, see
[Bel2]) where we study a local monomialization algorithm of first integrals.
2 Singular Distributions
2.1 Log-Canonical Singular Distributions
For planar vector-fields, one can use the Theorem of reduction of singularities
of Seidenberg to work only with reduced singularities. In general, one can only
expect Theorems of reduction of singularities that reduced the problem to the
class od canonical singularities as introduced by McQuillan (see [Mc]), following
the approach of the Mori program.
In order to well-define the notion of Log-Canonical singularities, let Ms be the
set M \S(θ) and j : (Ms, θs)→ (M, θ) be the injection from Ms to M . Since θs
is regular over Ms, we can define the canonical sheaf Kθs := det(θ
∨) over Ms,
where θ∨ stands for the dual of θ. We now define Kθ := j∗Kθs .
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Now, let π : (M˜, θ˜, E˜) → (M, θ,E) be any sequence of blowings-up. We can
write:
K
θ˜
= π∗Kθ +
∑
a(F,M, θ)F
where a(F,M, θ) is independent of the morphism π and depends only on the
discrete valuation that defines F (which is a reduced exceptional divisor). It is
called the discrepancy of (M, θ) at F . Now, let:
ǫ(F ) =
{
0 if F is invariant by the singular distribution
1 if F is not invariant by the singular distribution
We are now ready to define the notion of Log-Canonical Singularities:
Definition 2.1. The foliated manifold (M, θ,E) is said to be log-canonical if
a(E˜j ,M, θ) ≥ −ǫ(E˜j) for all sequence of blowings-up π : (M˜, θ˜, E˜)→ (M, θ,E).
In particular, if the singular distribution has leaf dimension equals to one, the
Log-Canonical class coincides with the notion of elementary singularities. More
precisely, given a vector-field ∂ in DerM .Op, one of the following possibilities
must be true:
i ) ∂ is regular at p, i.e.,there exists a function f in Op such that ∂(f) is a
unit;
ii ) Otherwise, ∂ is singular at p, i.e.,the vector-field ∂ leaves the maximal
idealmp invariant and gives rise to an endomorphism between the Zariski
tangent spaces:
∂¯ :
mp
m2p
→ mp
m2p
Lemma 2.2. (see Fact I.ii.4 in [McP]) A 1-singular distribution θ is log-
canonical if, and only if, at each point p in M , the singular distribution θ.Op is
generated by a vector-field ∂p which is either in case [i] (i.e.,it is regular) or it
is in case [ii] and ∂¯ is a non-nilpotent endomorphism.
2.2 Monomial Singular Distribution
The class of Monomial Singular Distributions is a sub-class of the Log-Canonical
Singular Distributions. Its motivation lies in the study of families of ideals or
vector-fields and in the study of monomialization of maps. We come back to
this discussion after we give its definition:
Definition 2.3. Given a foliated manifold (M, θ,E), we say that the singu-
lar distribution θ is R-monomial at a point p if there exists set of generators
{∂1, ..., ∂d} of θ.Op and a coordinate system x = (x1, . . . , xm) centered at p such
that:
i) The exceptional divisor E is locally equal to {x1 · · ·xl = 0} for some
l ≤ m;
ii) The singular distribution θ is everywhere tangent to E, i.e.,θ ⊂ DerM (−E);
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iii) Apart from re-indexing, the vector-fields are of the form:
∂i = ∂xi or
∂i =
m∑
j=1
αi,jxj∂xj (where αi,j ∈ R)
iv) If ω ⊂ DerM (−logE) is a d-singular distribution such that θ ⊂ ω then
θ = ω.
In this case, we say that x is amonomial coordinate system, and that {∂1, . . . , ∂d}
is a monomial basis.
The Example\Lemma below shows an important feature of R-monomial sin-
gular distribution:
Example\Lemma 2.4 (Monomial First Integrals). A singular distribution
θ is R-monomial if, and only if, for any monomial coordinate system x =
(x1, . . . , xm) centered at p there existsm−dmonomials (xβ1 , . . . ,xβm−d), where
βi ∈ Rm for all i and β1 ∧ · · · ∧ βm−d 6= 0, such that
θ.Op = {∂ ∈ Derp(−E); ∂(xβi) ≡ 0 for all i}
Remark 2.5. The proof of Example\Lemma 2.4 can be find in [Bel1], Lemma
2.2.2. We do not reproduce its proof because the result is not going to be
explicitly used in this manuscript.
This result shows in more detail the relation between monomial singular
distributions and monomialization of maps (see [Cu2] for results in monomi-
alization of maps). Indeed, if a holomorphic map is monomial, the foliation
generated by its level curves is Z-monomial. Furthermore, in the study of fam-
ilies, the notion of quasi-smoothness (see [V1] for a definition) is closely related
to a Z-monomial foliation. We now turn to some important properties of R-
monomial singular distributions:
Lemma 2.6. If θ is a 1-singular distribution which is R-monomial at a point p
in M , then there exists an open neighborhood U of p such that θ is R-monomial
at every point q in U .
Remark 2.7. The above Lemma can be enunciated for any d-singular distribu-
tion R-monomial (see Lemma 2.2.1 of [Bel1]). In this manuscript, we only prove
for 1-singular distribution because we only need this level of generality.
Proof. Let x be a monomial coordinate system defined in an open neighborhood
U and ∂ a vector-field that generates θ.OU . Since θ is R-monomial, either ∂ is
a regular vector-field and the result is obvious, or
∂ =
m∑
j=1
αjxj∂xj (where αj ∈ R)
Now, let q = (q1, . . . , qm) be another point of U , and let y = (y1, . . . , ym) =
(x1 − q1, . . . , xm − qm) be a coordinate system centered at q. Then:
∂.Oq =
m∑
j=1
αj(yj + qj)∂yj
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and either this vector-field is regular, or qjαj = 0 for all j. In both cases, it is
clear that the singular distribution is monomial at q.
We end this subsection proving another important property of R-monomial
singularities:
Lemma 2.8. Suppose that θ is a 1-singular distribution R-monomial at a point
p in M and that I is an ideal sheaf θ-invariant, i.e.,such that θ[I] ⊂ I. Let ∂
be a monomial vector-field that generates θ at p. Then, there exists a system of
generators {f1, . . . , fn} of I.Op such that ∂fi = Kifi, where Ki is a constant
in R.
Remark 2.9. In particular, this shows that condition [i] of the Definition of
monomial singularities 2.3 can be deduced from the other three properties [ii−
iv].
Proof. Let us fix a monomial coordinate system x = (x1, . . . , xm) and a system
of generators (f1, . . . , fn) of I.Op. Let us first assume that ∂ is a singular
vector-field and, thus, ∂ =
∑
i αixi∂xi . So, given any monomial x
β , we have
that
∂(xβ) =
m∑
i=1
αiβix
β = Kβx
β
For some Kβ ∈ R. Since the number of different monomials in a Taylor expan-
sion is countable, there exists a countable set R
′ ⊂ R such that Kβ ∈ R′ for all
β ∈ Zm. This allow us to rewrite the Taylor expansion of each generator fi in
the following form:
fi(x) =
∑
j∈N
hi,j(x)
where ∂(hi,j) = Kjhi,j with Kj ∈ R′ and Kj 6= Kk whenever j 6= k. Fur-
thermore, let us notice that hi,j(x) are convergent Taylor series (because fi is
absolutely convergent in a neighborhood), which implies that hi,j(x) ∈ Op. We
claim that all functions hi,j are contained in I.Op. Indeed, let us show that h1,0
is in the ideal (the proof of the other functions follows an analogous argument).
Let g0 = f1 and
g1 =
1
K0 −K1 (∂(f1)−K1f1) =
1
K0 −K1 [
∑
j∈N
Kjh1,j(x)−K1
∑
j∈N
h1,j(x)]
= h1,0 +
∑
j≥2
γ1,j(1)h1,j ∈ I.Op
where γ1,j(1) =
Kj−K1
K0−K1
. We define recursively:
gn =
1
K0 −Kn (∂(gn−1)−Kngn−1) = h1,0 +
∑
j≥n+1
γ1,j(n)h1,j ∈ I.Op
for constants γ1,j(n). It is clear that (gn)n∈N ⊂ I.Op converges formally to
h1,0(x) (in the Krull topology of Ôp). By faithful flatness, this implies that
h1,0 ∈ I.Op (see section 6.3 and Theorems 6.3.4 and 6.3.5 of [Ho] for a precise
formulation of this result). It is now clear that I.Op = (hi,j) and we just need
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to use Noetherianity to obtain a finite system of generators.
If ∂ is a regular vector-field then the result easily follows from an adaptation of
the above argument. It is worth remarking that, in the later case, Ki = 0 for
all i.
2.3 θ-Admissible Blowings-up
Let (M, θ,E) be a 1-foliated manifold and let C be an analytic sub-manifold of
M . Consider the reduced ideal sheaf IC that generates C, i.e.,V (IC) = C. We
say that C is a θ-admissible center if:
• C is a regular closed sub-variety that has SNC with E;
• Either C is θ-invariant (i.e.,θ[IC ] ⊂ IC) or it is θ-transverse (i.e.,θ[IC ] =
OM ).
The objective of this definition is to avoid centers with finite tangency to the
foliation. For example
the center IC = (x2 − y, z) in (R3, ∂x, ∅) is not θ-admissible.
In this context, it is clear that a blowing-up σ : (M˜, θ˜, E˜) −→ (M, θ,E) is
θ-admissible if the center C is θ-admissible. A sequence ~σ = (σ1, ..., σr) of θ-
admissible blowings-up is a sequence of blowings-up:
(Mr, θr, Er) · · · (M1, θ1, E1) (M0, θ0, E0)
σr σ2 σ1
such that σi : (Mi+1, θi+1, Ei+1) → (Mi, θi, Ei) is a θi-admissible blowing-up.
Analogously, we can define sequence of θ-invariant and θ-transverse blowings-up.
The following two Lemmas enlighten the interest of θ-admissible blowings-up
for the class of singular distribution which we are interested:
Lemma 2.10. Let (M, θ,E) be a 1-foliated manifold which is Log-Canonical
(resp. R-monomial) and σ : (M˜, θ˜, E˜) −→ (M, θ,E) be a θ-transverse blowing-
up. Then θ˜ is Log-Canonical (resp. R-monomial) and it is equal to O(−F )σ∗θ,
where F is the exceptional divisor created by σ.
Proof. Since σ is a θ-transverse blowing-up, we know that θ[IC ] = OM . So,
at each point p of C the singular distribution θ.Op is generated by a regular
vector-field ∂. By the Flow-box Theorem, there exists a coordinate system
(x,y) = (x, y1, . . . , ym−1) such that ∂ = ∂x. Furthermore, there exists a function
f ∈ IC .Op such that ∂(f) is a unit. Taking x¯ = f and y¯ = y, we obtain
a coordinate system (x¯, y¯) = (x¯, y¯1, . . . , y¯m−1) where ∂ = ∂x¯ and IC .Op is
generated by (x¯, y¯1, . . . , y¯t). Now, from the fact that C has SNC with E and
{x¯ = 0} must be transverse to E, apart from another change of coordinates in
the y¯ coordinates, we can assume that E is locally equal to {Πy¯ǫii = 0}, where
ǫi ∈ {0, 1}. It is now clear that, after blowing-up, the singular distribution θ˜ is
Log-Canonical (resp. R-monomial).
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Lemma 2.11. Let (M, θ,E) be a 1-foliated manifold which is Log-Canonical
(resp. R-monomial) and σ : (M˜, θ˜, E˜) −→ (M, θ,E) be a θ-invariant blowing-
up. Then θ˜ is Log-Canonical (resp. R-monomial) and it is equal to σ∗θ.
Proof. Since σ is a θ-invariant blowing-up, we know that θ[IC ] ⊂ IC . As a first
remark, let θ∗ = σ∗θ and F be the exceptional divisor introduced by σ. Then:
θ∗[O(−F )] = θ∗[I∗] ⊂ σ∗{θ[I]}+ I∗ = I∗ = O(−F )
which implies that θ∗ is tangent to F and, by consequence, to E˜. Now, let p be
a point in the center C. We study the preimage of p and, to that end, we divide
in two cases:
Case 1 - θ.Op is regular: In other words, the vector-field ∂ that generated θ.Op
is a regular vector-field. Let us fix a monomial coordinate system (x,y) =
(x, y1, . . . , ym−1) centered at p such that ∂x generated θ.Op. Then, by Lemma
2.8, there exists a set of generators {f1(y), . . . , fn(y)} of IC .Op which is inde-
pendent of the x-coordinate. Finally, since IC has SNC with E, apart from a
change of coordinates in the y coordinates, we can assume that:
θ is locally generated by ∂x,
IC is locally generated by (y1, . . . , yt) for some t ≤ m− 1 and
E is locally generated equal to {Πyǫii = 0} where ǫi ∈ {0, 1}
In this case, at every point q in the preimage of p by σ, it is clear that θ∗.Oq
is a regular singular distribution. Since θ∗ is tangent to E˜, we conclude that
θ˜.Oq = θ∗.Oq and, thus, it is Log Canonical (resp. R-monomial).
Case 2 - θ.Op is singular: In this case, it is convenient to divide in two cases,
depending on the singularity class we are considering:
Case 2.1 - θ is Log Canonical: Let us fix a generator ∂ of θ.Op and a coordinate
system x = (x1, . . . , xm) such that
IC is locally generated by (x1, . . . , xt) for some t ≤ m and
we have that ∂ =
∑
iAi∂xi , where Ai ∈ mp and ∂¯ is non-nilpotent, where we
recall that the function ∂¯ is given by:
∂¯ :
mp
m2p
→ mp
m2p
In other words, if we denote the linear part of Ai by
∑
j ai,jxi, then the matrix:
A =
a1,1 . . . a1,m... . . . ...
am,1 . . . am,m
 =
a1,1 v1 v2w1 B1,1 B1,2
w2 B2,1 B2,2

is non-nilpotent, where B1,1 is a (t − 1) × (t − 1) matrix. Since the function
Aj with j ≤ t belongs to IC .Op = (x1, . . . , xt), we conclude that v2 = 0 and
B1,2 = 0.
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Now, let q be a point in the preimage of p by σ. Without loss of generality, we
can assume that q is the origin of the x1 chart and that:
σ∗∂p = A
∗
1∂x˜1 +
1
x˜1
t∑
j=2
A∗j −A∗1x˜i∂x˜i +
∑
j>t
Aj∂x˜i
since by hypothesis the function Aj with j ≤ t belongs to IC = (x1, . . . , xt),
we conclude that
A∗j
x˜1
is holomorphic for all i ≤ t, which implies that σ∗∂ is
holomorphic. Furthermore:
• If w1 is a non-zero (t − 1) × 1 matrix, then σ∗∂ is a regular vector-field
(because there exists j such that
A∗j
x˜1
is a unit). In this case, it is clear that
θ∗.Oq = θ˜.Oq and that θ˜ is Log canonical at q;
• If w1 = 0, then σ∗∂ is singular. In this case, let us notice that:
A =
a1,1 v1 00 B1,1 0
w2 B2,1 B2,2

is a non-nilpotent matrix, which implies that either [a1,1] or B1,1 or B2,2 is
not a nilpotent matrix. Now, the linear part of σ∗ is given by the following
matrix:
A˜ =
a1,1 0 0∗ B1,1 − a1,1Id ∗
w2 0 B2,2

where Id is the (t − 1) × (t − 1) identity matrix and ∗ stands for a part
of the matrix which is not dependent of the matrix A (because it depends
on the quadratic terms of Aj for 1 < j < t). In one hand, if a1,1 6= 0,
then it is clear that A˜ is not nilpotent and that we can not factor x˜1 out
of the vector-field σ∗∂ (otherwise the vector-field would not be tangent to
F = {x˜1 = 0}). At another hand, if a1,1 = 0, then either B1,1 or B2,2
is non-nilpotent which implies that A˜ is non-nilpotent. Furthermore, we
clearly can not factor x˜1 out of σ
∗∂. So, in particular, θ∗.Oq = θ˜.Oq and
θ˜ is Log canonical at q.
Case 2.2 - θ is R-monomial: Let us fix a generator ∂ of θ.Op and a monomial
coordinate system x = (x1, . . . , xm). Notice that, if C ⊂ E(i), where E(i) is a
irreducible component of the exceptional divisor E locally given by {xi = 0},
then the function xi belongs to IC .Op.
So, there exists a set of generators (xi1 , . . . , xir , f1, . . . fn) that generates IC .Op,
where C ⊂ E(ij) for all j ≤ r and fi is a functions independent on the xij co-
ordinates. Furthermore, by Lemma 2.8, we can assume that ∂fi = Kifi, where
Ki is a constant in the ring R.
Now, since IC is regular, we can suppose that f1 is regular and, without loss
of generality, that ∂
∂x1
f(p) 6= 0. Furthermore, since C has SNC with E, we can
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assume that {x1 = 0} is not a divisor of E. So, let us consider the change of
coordinates x¯1 = f1 and x¯i = xi otherwise. In the new coordinates, we get:
∂ = K1x¯1
∂
∂x¯1
+
m∑
i=2
αix¯j
∂
∂x¯i
because ∂(f1) = K1f1. So, this coordinate is still monomial, since the divisor
E is still locally given by {Πx¯ǫii = 0}. Repeating this process a finite number of
times, we get a coordinate y = (y1, . . . , ym) such that
θ is locally generated by
∑
γiyi∂yi where γi ∈ R,
IC = (y1, . . . , yt) for some t ≤ m and
E is locally generated equal to {Πyǫii = 0} where ǫi ∈ {0, 1}
It is now clear that, after blowing-up, the singular distribution θ˜ is also R-
monomial.
These two Lemmas, clearly imply the following Proposition:
Proposition 2.12. Let (M, θ,E) be a 1-foliated manifold which is Log-Canonical
(resp. R-monomial) and σ : (M˜, θ˜, E˜) −→ (M, θ,E) be a θ-admissible blowing-
up. Then θ˜ is Log-Canonical (resp. R-monomial).
3 Foliated Ideal Sheaf
3.1 The tangency chain
A chain of ideal sheaves consists of a sequence (Ii)i∈N of ideal sheaves such that
Ii ⊂ Ij if i ≤ j. The length of a chain of ideal sheaves at a point p of M is the
minimal number νp ∈ N such that Ii.Op = Iνp .Op for all i ≥ νp. We distinguish
two cases:
If Iνp .Op = Op, then the chain is said to be of type 1 at p;
If Iνp .Op 6= Op, then the chain is said to be of type 2 at p.
Moreover, fixed a chain of ideal sheaf (In), it is not difficult to see that the
functions ν : M → N and type : M → {1, 2} are upper semi-continuous (where
ν(p) = the length of (In) at p and type(p) = the type of (In) at p). So, given
a subset U of M , the definition of length and type naturally extends to U as
follows:
The length of (In) at U is νU := sup{νp; p ∈ U};
The type of (In) at U is typeU := sup{typep; p ∈ U}.
Notice that νU may be infinity but, if U is a relatively compact open subset of
M , νU is necessarily finite.
Now, given a foliated ideal sheaf (M, θ, I, E), the tangency chain of (M, θ, I, E)
is a chain of ideals T g(θ, I) = {H(θ, I, i)}i∈N defined by:{
H(θ, I, 0) := I
H(θ, I, i+ 1) := H(θ, I, i) + θ[H(θ, I, i)]
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At each point p in M , the length of this chain is called the tangent order (or
shortly, the tg-order) at p, and is denoted by νp(θ, I). The type of the chain is
denoted by typep(θ, I).
Remark 3.1. Suppose that θ is generated by a regular vector-field ∂ and let γp
be the orbit of ∂ passing through a point p of V (I). In this simple case, we can
interpret these invariants as follow:
• If the orbit γp is contained in the variety V (I), then the type of (θ, I) at
p is two;
• If the orbit γp is not contained in V (I), then the type of (θ, I) at p is
one. Furthermore, the tg-order of (θ, I) is equal to the order of tangency
between the orbit γp and the variety V (I) at p.
In other words, the type identifies the presence of invariant leaves and the tg-
order measures the order of tangency between the leaves and the variety V (I).
Lemma 3.2. Let σ : (M˜, θ˜, E˜) → (M, θ,E) be a θ-admissible blowing-up over
a 1-foliated Log-Canonical (resp. R-monomial) ideal sheaf (M, θ, I, E), where
F is the divisor created by σ. Then:
i) If the blowing-up is θ-invariant, then [θ(I)]∗ + I∗ = θ˜(I∗) + I∗.
ii) If the blowing-up is θ-transverse, then [θ(I)]∗O(−F ) + I∗ = θ˜(I∗) + I∗;
Proof. Notice that, since σ∗ : DerM → BlDerM˜ is a morphism, it is clear that
[θ(I)]∗ ⊂ θ∗(I∗), which implies that:
• If the blowing-up is θ-invariant, by Lemma 2.11 θ˜ = θ∗ and, thus:
[θ(I)]∗ + I∗ ⊂ θ∗(I∗) + I∗ = θ˜(I∗) + I∗
• If the blowing-up is θ-transverse, by Lemma 2.10 θ˜ = O(−F )θ∗ and, thus:
[θ(I)]∗O(−F ) + I∗ ⊂ [θ∗(I∗)]O(−F ) + I∗ = θ˜(I∗) + I∗
To prove the other side of the inclusion, fix a point q in M˜ and a function G in
θ˜(I∗).Oq. We can write G as:
G = A[xǫi∂∗]
(∑
i
big
∗
i
)
where x is a generator of O(−F ); ∂ is a derivation that generated θ.Op; the
coeficient ǫ is 0 or 1; xǫ∂∗ is an holomorphic derivation; the functions gi belongs
to I and A and bi are general germs over Oq. In particular
G = A
∑
i
xǫ∂∗[bi]g
∗
i +M
ǫ∂∗[g∗i ]bi
Since xǫ∂∗[bi]g
∗
i ∈ I∗ and xǫ∂∗[g∗i ]bi ∈ O(−ǫF )[θ(I)]∗ we conclude that:
G ∈ I∗ +O(−ǫF )[θ(I)]∗
and, thus θ˜(I∗) ⊂ I∗ +O(−ǫF )[θ(I)]∗ We now just need to remark that:
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• If the blowing-up is θ-invariant, then ǫ = 0 and
θ˜(I∗) + I∗ ⊂ [θ(I)]∗ + I∗
• If the blowing-up is θ-transverse then ǫ = 1 and
θ˜(I∗) + I∗ ⊂ [θ(I)]∗O(−F ) + I∗
3.2 Chain-preserving smooth morphism
Given two 1-foliated ideal sheaves (M, θ, I, EM ) and (N,ω,J , EN ), a smooth
morphism φ : M → N is said to be smooth in respect to (M, θ, I, EM ) and
(N,ω,J , EN ) if J .OM = I and φ−1(EN ) = EM (see more details in [Ko]). In
this case, we abuse notation and denote the morphism as:
φ : (M, θ, I, EM )→ (N,ω,J , EN )
Notice that this definition is independent of the singular distributions θ and ω
(besides the fact that both θ and ω have the same leaf dimension). We say that
a smooth morphism φ : (M, θ, I, EM ) −→ (N,ω,J , EN ) is chain-preserving if:
T g(ω,J ).OM = T g(θ, I)
i.e.,H(ω,J , i),OM = H(θ, I, i) for all i ∈ N. We also extend the defini-
tion to local foliated ideal sheaves in the natural way i.e.,a morphism φ :
(M,M0, θ, I, EM )→ (N,N0, ω,J , EN ) is chain-preserving if:
φ|M0 : (M0, θ.OM0 , I.OM0 , EM ∩M0)→ (N0, ω.ON0 ,J .ON0 , EN ∩N0)
is chain-preserving.
3.3 Blow-up Functors
We follow the presentation of [Ko] (more specifically, definition 3.31 of [Ko]) in
order to define the notion of a blow-up functor S that has:
• input: The category whose objects are local foliated ideal sheaves (M,M0, θ,
I, E) and whose morphisms are smooth morphisms;
• output: The category whose objects are admissible blowing-up sequences:
(Mr, θr, Ir, Er) · · · (M1, θ1, I1, E1) (M0, θ0, I0, E0)
σr σ2 σ1
with specified admissible centers Ci and whose morphisms are given by
the Cartesian product.
Remark 3.3. For such a functor to be well-defined, we accept blowings-up with
empty centers (isomorphisms).
A blow-up functor S is said to be a chain-preserving blow-up Functor, if the
morphisms in the input and output are all chain-preserving morphisms.
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3.4 Resolution of singularities
Let us state the version of Hironaka‘s Theorem that we are going to use. We
remark that we do not use the standard notation, since we use the notion of
foliated ideal sheaf:
Theorem 3.4. (Hironaka) Let (M,M0, θ, I, E) be a local foliated ideal sheaf.
There exists a sequence of admissible blowings-up of order one of (M0, θ, I, E):
R(M,M0, θ, I, E) : (Mr, θr, Ir, Er) · · · (M0, θ0, I0, E0)
σr σ1
such that Ir = OMr . Furthermore, R is a blowing-up functor.
Remark 3.5. Notice that there is no claim upon the singular distribution θr.
Remark 3.6. The above Theorem is an interpretation of Theorem 1.3 of [BiMil2]
or Theorems 2.0.3 and 6.0.6 of [W1] in the following sense:
• Theorem 1.3 of [BiMil2] is enunciated in algebraic category. But the para-
graph before Theorem 1.1 of [BiMil2] justifies the analytic statement;
• In [BiMil2] and [W1], the authors work with marked ideal sheaves. We
specialize their result to marked ideal sheaves with weight one;
• In order to stress the functorial property of the resolution, we have followed
Kollor’s presentation (see [Ko], definition 3.31).
4 Resolution of an invariant ideal sheaf
4.1 Statement of the result
In this section we prove the following result:
Proposition 4.1. Let (M,M0, θ, I, E) be a local Log-Canonical (resp. R-
monomial) 1-foliated ideal sheaf. Suppose that I0 is invariant by θ0, i.e.,θ[I].OM0
⊂ I.OM0 . Then, there exists a sequence of θ-invariant blowings-up of order one:
Rinv(M,M0, θ, I, E) : (Mr, θr, Ir, Er) · · · (M0, θ0, I0, E0)
σr σ1
such that:
i ) The ideal sheaf Ir is equal to the structural ring OMr . In particular, the
pull-back of I is principal ideal sheaf with support contained in Er;
ii ) The singular distribution θr is Log-Canonical (resp. R-monomial);
iii ) Rinv is a chain-preserving blow-up functor (i.e.,it commutes with chain-
preserving smooth morphisms).
This result is a consequence of the Functoriality of Hironaka‘s Theorem (see,
e.g [BiMil2]). In what follows we present a rigorous proof.
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4.2 Proof of Proposition 4.1
In order to prove the Proposition, we introduce the notion of geometrical in-
variance: an ideal sheaf I is geometrically invariant by θ if every leaf of the
foliation generated by θ that intersects V (I) is totally contained in V (I).
Lemma 4.2. Let θ be an involutive 1-singular distribution and I a reduced ideal
sheaf. Then I is θ-invariant if, and only if, I is geometrically invariant by θ.
Proof. To prove the if implication, let p be a point in V (I), L be the leaf
of θ passing through p and ∂ be a vector-field that generates θ.Op. If L is
zero-dimension, it is clear that L ⊂ V (I), so we may assume that L is one-
dimensional. In this case, there exists a coordinate system (x,y) = (x, y1, . . . , ym−1)
such that ∂ = ∂x. By Lemma 2.8, there exists a system of generators of I which
is independent of the x coordinate and the result is now obvious.
To prove the only if implication, let us assume that I is a reduced ideal sheaf
which is geometrically invariant by θ. We claim that V (I) ⊂ V (θ(I)), which is
enough to prove the Lemma since it would imply that:
θ(I) ⊂
√
θ(I) ⊂
√
I = I
In order to prove the claim, let p be a point of V (I), L be the leaf of θ passing
through p, f be an arbitrary function in I and ∂ be a vector-field that generates
θ.Op. Since, by hypothesis, L ⊂ V (I), we conclude that f |L ≡ 0. Moreover,
since ∂ is tangent to L, we conclude that ∂(f)|L = ∂|L(f |L) = 0 and, in partic-
ular, p ∈ V (∂(f)). Since the choice of f ∈ I was arbitrary, we conclude that p
belongs to θ(I) as we wanted to prove.
We now state a preliminary Lemma:
Lemma 4.3. Let (M, θ, I, E) be a Log-Canonical (resp. R-monomial) fo-
liated ideal sheaf and let us consider a θ-invariant blowing-up of order one
σ : (M˜, θ˜, I˜, E˜) −→ (M, θ, I, E). Then I˜ is invariant by θ˜.
Proof. Since C is a regular sub-manifold geometrically invariant by θ, by Lemma
4.2 the ideal sheaf IC is θ-invariant. Furthermore, by Lemma 3.2 we have that:
θ[IC ] ⊂ IC ⇒ θ∗[O(−F )] ⊂ O(−F )
Now, by Lemma 2.11, θ˜ = θ∗. Thus, again by Lemma 3.2:
θ˜[I˜] + I˜ = θ∗[I∗.O(F )] + I˜
⊂ θ∗[I∗]O(F ) + I∗θ∗[O(F )] + I˜ = I˜
which concludes the Lemma.
Now, we are ready to start the proof of Proposition 4.1.
Proof. By the Hironaka’s Theorem 3.4, there exists a resolution of singularities
~σ = (σ1, ..., σr) of (M,M0, θ, I, E):
R(M,M0, θ, I, E) : (Mr, θr, Ir, Er) · · · (M0, θ0, I0, E0)
σr σ1
where σi : (Mi, θi, Ii, Ei) −→ (Mi−1, θi−1, Ii−1, Ei−1) has center Ci.
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Claim 4.4. The sequence of blowings-up ~σ = (σ1, ..., σr) is θ-invariant.
Proof. Suppose by induction that the centers Ci are θi−1-invariant for i < k.
We need to verify that Ck is also θk−1-invariant (including for k = 1). Since
Ck is regular, by Lemma 4.2, we only need to verify that Ck is geometrically
invariant by θk−1.
To this end, let L be a connected leaf of θk−1 with non-empty intersection
with Ck. If L is zero-dimensional, it is clear that L ⊂ Ck, so let us assume that
L is one-dimensional. Let p be a point in the intersection Ck ∩ L and ∂ be a
generator of θk−1.Op. Since ∂ is a regular vector-field, there exists a coordi-
nate system (x,y) = (x, y1, ..., ym−1) centered at p such that ∂ = ∂x. Now,
notice that Ik−1 is θk−1-invariant because of the induction hypotheses and a
recursive use Lemma 4.3. So, by Lemma 2.8, there exists a set of generators
{f1(y), ..., fn(y)} of Ik−1.Op which is independent of the coordinate x. It is
now clear that the functorial statement of Hironaka’s Theorem 3.4 guarantees
that the center Ck is locally geometrically invariant by ∂. Since the choice of p
in the intersection Ck ∩ L was arbitrarily, we conclude that L ⊂ Ck, which ends
the proof.
Now, the functoriality statement of Theorem 4.1 is a direct consequence of
the functoriality of Theorem 3.4 and the Log-Canonicity (resp. R-monomiality)
statement is a direct consequence of Proposition 2.12. This concludes the proof
of Proposition 4.1.
5 Resolution of singularities subordinated to a
1-foliation
5.1 Statement of the result
In this section we prove our main Theorem:
Theorem 5.1. Let (M,M0, θ, I, E) be a local Log-Canonical (resp. R-monomial)
1-foliated ideal sheaf. Then, there exists a sequence of θ-admissible blowings-up
of order one:
R1(M,M0, θ, I, E) : (Mr, θr, Ir, Er) · · · (M0, θ0, I0, E0)
σr σ1
such that:
i ) The ideal sheaf Ir is equal to the structural ring OMr . In particular, the
pull-back of I is principal ideal sheaf with support contained in Er;
ii ) The singular distribution θr is Log-Canonical (resp. R-monomial);
iii ) R1 is a chain preserving blow-up functor (i.e.,it commutes with chain-
preserving smooth morphisms).
We remark that the sequence of blowings-up in Theorem 5.1 is different
from the one given by Hironaka‘s Theorem.
19
5.2 Proof of Theorem 5.1
Let us start giving the intuitive idea of the proof. Given a local 1-foliated ideal
sheaf (M,M0, θ, I, E) the main invariant we consider is the pair:
(ν, t) := (νM0 (θ, I), typeM0(θ, I))
where we recall that the tg-order νM0(θ, I) stands for the length of the tangency
chain T g(θ, I) over M0 and the typeM0(θ, I) stands for the type of this chain
at M0 (see section 3.1). The proof of the Theorem relies on making this pair
of invariant dropp (in relation to their lexicographical order). This is obtained
through two steps:
Proposition 5.2. Let (M,M0, θ, I, E) be a local Log-Canonical (resp. R-
monomial) 1-foliated ideal sheaf and suppose that typeM0(θ, I) = 2. Then,
there exists a sequence of θ-invariant admissible blowings-up of order one:
S1(M,M0, θ, I, E) : (Mr, θr, Ir, Er) · · · (M0, θ0, I0, E0)
σr σ1
such that:
i ) νMr (θr, Ir) ≤ νM0(θ, I) and typeMr(θr, Ir) = 1;
ii ) The singular distribution θr is Log-Canonical (resp. R-monomial);
iii ) S1 is a chain-preserving blow-up functor (i.e.,it commutes with chain-
preserving smooth morphisms).
Proposition 5.3. Let (M,M0, θ, I, E) be a local Log-Canonical (resp. R-
monomial) 1-foliated ideal sheaf and suppose that typeM0(θ, I) = 1. Then,
there exists a sequence of θ-transverse admissible blowings-up of order one:
S2(M,M0, θ, I, E) : (Mr, θr, Ir, Er) · · · (M0, θ0, I0, E0)
σr σ1
such that:
i ) νMr (θr, Ir) < νM0(θ, I);
ii ) The singular distribution θr is Log-Canonical (resp. R-monomial);
iii ) S2 is a chain-preserving blow-up functor (i.e.,it commutes with chain-
preserving smooth morphisms).
These two Propositions are proved in the next two subsections. We note
that the proof of the Theorem trivially follows from these Propositions:
Proof. (Theorem 5.1): Indeed, by a recursive use of Proposition 5.2 and 5.3, we
obtain a sequence of θ-admissible blowings-up
(Mr, θr, Ir, Er) · · · (M0, θ0, I0, E0)
σr σ1
such that ν(θr , Ir) = 0 and type(θr, Ir) = 1. In other words, this implies
that Ir = OMr . Moreover, conditions [ii] and [iii] of the Propositions, imply
conditions [ii] and [iii] of the Theorem 5.1.
20
5.3 Proof of Proposition 5.2
Consider a 1-foliated Log-Canonical (resp. R-monomial) ideal sheaf (M,M0, θ,
I, E) such that typeM0(θ, I) = 2. Let ν := νM0(θ, I) and Cl := H(θ, I, ν)
(see section 3.1 for the definition of H(θ, I, i)). By Theorem 4.1, there exists a
θ-invariant resolution ~σ = (σ1, ..., σr) of (M,M0, θ, Cl, E):
(Mr, θr, Clr, Er) · · · (M1, θ1, Cl1, E1) (M0, θ0, Cl0, E0)
σr σ2 σ1
Claim 5.4. The sequence of blowings-up ~σ is of order one in relation to (M0, θ0,
I0, E0). Furthermore, Clj = H(θj , Ij , ν) for all j ≤ r.
The main step for proving the claim is the following Lemma:
Lemma 5.5. Let σ : (M˜, θ˜, I˜, E˜) −→ (M, θ, I, E) be a θ-invariant blowing-up
with center contained in V (Cl), where Cl := H(θ, I, ν). Then
H(θ˜, I˜, i) = H(θ, I, i)∗O(F )
for every i ≤ ν, where F is the exceptional divisor created by σ. In particular
C˜l = H(θ˜, I˜, ν).
Proof. First, notice that, since H(θ, I, i) ⊂ Cl for i ≤ ν, the center of blowing-
up is also contained in H(θ, I, i) for all i ≤ ν. Furthermore, the center C is
θ-invariant and, by Lemma 2.11, the singular distribution θ˜ coincides with the
total transform θ∗. Thus, if J is a coherent ideal sheaf, by Lemma 3.2
θ˜[O(−F )] ⊂ O(−F )⇒ J θ˜[O(F )] ⊂ JO(F )
In particular, this implies that:
θ˜[JO(F )] + JO(F ) = O(F )(θ˜[J ] + J )
Now, it rests to prove that the following equality:
H(θ˜, I˜, i) = H(θ, I, i)∗O(F )
is valid for all i ≤ ν. Indeed, suppose by induction that the equality is valid
for i < k (notice that for k = 0, the equality is trivial). Since the center of
blowing-up is contained in V (H(θ, I)), by Lemma 3.2 we have that:
H(θ˜, I˜, k) = H(θ˜, I˜, k − 1) + θ˜[H(θ˜, I˜, k − 1)]
= H(θ˜, I˜, k − 1) + θ∗[H(θ, I, k − 1)∗O(F )]
= O(F ){H(θ, I, k − 1)∗ + θ∗[H(θ, I, k − 1)∗]}
= O(F ){H(θ, I, k − 1) + θ[H(θ, I, k − 1)]}∗
= O(F )H(θ, I, k)∗
which proves the equality and the Lemma.
We now turn to the Proof of the Claim 5.4:
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Proof of Claim 5.4. Suppose by induction that for i < k, the sequence of blowings-
up (σi, ..., σ1) is of order one in respect to (M0, θ0, I0, E0) and that Cli =
H(θi, Ii, ν). Let us prove the result i = k (including k = 1). Since the center
of σk is contained in V (Clk−1), by the induction hypotheses it is also contained
in V (Ik−1), which implies that the sequence of blowings-up (σk, ..., σ1) is of
order one in respect to (M0, θ0, I0, E0). Furthermore, by Lemma 5.5 and the
induction hypotheses:
H(θk, Ik, ν) = H(θk−1, Ik−1, ν)∗.O(F ) = [Clk−1]∗.O(F ) = Clk
which finishes the proof.
So, if we take the same sequence of blowing-up ~σ, but in respect to (M,M0, θ,
I, E), we obtain a θ-invariant sequence of blowings-up of order one:
(Mr, θr, Ir, Er) · · · (M1, θ1, I1, E1) (M0, θ0, I0, E0)
σr σ2 σ1
such that H(θr, Ir, ν) = Clr = OMr , which implies that νMr(θr, Ir) ≤ νM0(θ, I)
and typeMr(θr, Ir) = 1.
Now, since all blowings-up are θ-invariant, by Proposition 2.12, the singular
distribution θr is Log-Canonical (resp. R-monomial). So, it only rests to prove
the Functoriality Statement [iii].
To this end, let φ : (M,M0, θ, I, EM ) −→ (N,N0, ω,J , EN ) be a chain-preserving
smooth morphism and ~σ = (σ1, ..., σr) and ~τ = (τ1, ..., τr) be the sequences
of blowings-up given in the above algorithm applied to (M,M0, θ, I, EM ) and
(N,N0, ω,J , EN ) respectively (the length of the sequence may be chosen to be
the same up to isomorphisms). Since φ is Chain-Preserving, we have that
H(θ0, I0, ν) = H(ω0,J0, ν).OM0
Now, since ~σ is the sequence of blowing-up given by Theorem 4.1 that resolves
H(θ0, I0, ν) and ~τ is the sequence of blowing-up given by Theorem 4.1 that
resolves H(ω0,J0, ν), by the functoriality of Theorem 4.1 the two sequences of
blowings-up ~σ and ~τ commute in respect to smooth morphisms. In particular,
for any ideal sheaf K over Ni−1:
(σi)
∗(K.OMi−1 ) = (τ∗i K).OMi
So, if FM,i is the exceptional divisor of the blowing-up σi : Mi −→ Mi−1 and
FN,i is the exceptional divisor of the blowing-up τi : Ni −→ Ni−1, we have that:
O(−FN,i).OMi = O(−FM,i)
Furthermore the equality H(Ji, ωi, j).OMi = H(Ii, θi, j) holds for i ≤ r and
j ≤ ν. Indeed, we suppose by induction that H(ωi,Ji, j).OMi = H(θi, Ii, j) for
i < k and any j ∈ N. Then:
H(ωk,Jk, j).OMk = [O(FN,k)τ∗kH(ωk−1,Jk−1, j)] .OMk
= O(FM,k)σ∗kH(θk−1, Ik−1, j)
= H(θk, Ik, j)
for any j ∈ N, which implies that the two sequences of blowings-up ~σ and ~τ
commute by chain-preserving smooth morphisms. This finishes the proof.
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5.4 Proof of Proposition 5.3
Consider a 1-foliated ideal sheaf (M,M0, θ, I, E) such that typeM0(θ, I) = 1.
Let ν := νM0(θ, I) and Mtg := H(θ, I, ν − 1). By Theorem 3.4, there exists a
resolution ~σ = (σ1, ..., σr) of (M,M0, θ,Mtg(I), E):
(Mr, θr,Mtgr, Er) · · · (M0, θ0,Mtg0, E0)
σr σ1
Claim 5.6. The sequence of blowings-up ~σ is θ-transverse.
Proof. Suppose by strong induction that, for i < k:
a ) The sequence (σ1, ..., σi) of blowing-up is θ-transverse;
b ) For any point p in V (Mtgi), there exists a coherent coordinate system
(x,y) = (x, y1, ..., ym−1) centered at p such that x ∈ Mtgi.Op and ∂x
generates θi.Op.
We prove the result for k:
Base Step: We start proving the result for k = 0. In this case, since typeM0(θ, I) =
1, we know that θ(Mtg0) = OM0 , which implies that θ.Op is generated by a reg-
ular vector-field ∂. By the flow-box Theorem, there exists a coordinate system
(x,y) = (x, y1, ..., ym−1) where ∂ = ∂x. Furthermore, there exists a function
g ∈ Mtg0 such that ∂x(g) is a unit. Taking x¯ = g and y¯ = y, we conclude the
result.
Induction Step: Let us prove for k > 0. Fix a point q in V (Mtgk−1). Since
the center Ck of the blowing-up σk : Mk → Mk−1 is contained in V (Mtgk−1),
by the induction hypotheses [b] it is also totally transverse to θ at q. Since the
choice of q was arbitrary, the sequence of blowings-up (σ1, ..., σk) is θ-transverse.
Consider now a point p in V (Mtgk) and let q = σk(p). If σk is a local isomor-
phism over p, the condition [b] is trivially satisfied at p. So, let us assume that
p ∈ Fk. By the induction hypotheses [b], there exists a coherent coordinate sys-
tem (x,y) = (x, y1, ..., ym−1) of Oq such that x ∈ Mtgk−1.Oq and ∂x generates
θk−1.Oq. Since C ⊂ V (Mtgk−1), without loss of generality IC .Op = (x, y1, ..., yt)
and q is the origin of the y1-chart. It is now easy to compute the transforms of
the blowing-up at q and see that the induction hypotheses [b] is valid at p.
By claim 5.6 and Lemma 2.10, we deduce that:
θk+1 = O(−Fk)σ∗k(θk) (5.1)
and, since the center is totally transverse:
θk+1[O(−Fk)] ⊂ O(−Fk) (5.2)
In order to simplify the notation, let us define (iσk) = σi+1 ◦ ... ◦ σk for i < k,
(kσk) = id and σk = σ1 ◦ ... ◦ σk. We also introduce:
Kk(α) =
k−1∏
i=1
[(iσk−1)
∗O(αFi)]
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Using the equation (5.1) recursively, we get that:
θk = Kk(−1)σk∗θ (5.3)
Using the equation (5.2) recursively, we get that:
θk(Kk(α)) ⊂ Kk(α) (5.4)
Furthermore, given an ideal sheaf J , equation (5.4) implies that:
θk[Kk(α)J ] +Kk(α)J = Kk(α)(J + θk[J ]) (5.5)
Claim 5.7. The sequence of blowing up ~σ is of order one in respect to (M0, θ0,
I0, E0). Furthermore, for all j ≤ ν:
H(θr, Ir, j) = Kr(1).
j∑
i=0
Kr(−i)σ∗H(θ0, I0, i) (5.6)
Proof. Suppose by strong induction that, for k < k0:
a ) The sequence of blowing up (σk, ..., σ1) is of order one in respect to
(M0, θ0, I0, E0);
b ) Equation (5.6) is valid for k < k0 instead of r.
We prove the result for k. But notice that the base step k0 = 0 is trivial, so we
only need to consider the inductive step:
Induction Step: Using the induction hypotheses [b] we deduce that:
H(θk0−1, Ik0−1, j) = Kk0−1(1).
j∑
i=0
Kk0−1(−i)σk0−1∗H(θ0, I0, i)
⊂ Kk0−1(1).
j∑
i=0
σk0−1
∗H(θ0, I0, i)
= Kk0−1(1)σk0−1∗H(θ0, I0, j)
In particular H(θk0−1, Ik0−1, ν − 1) ⊂ Mtgk0−1, which implies that Ck0 ⊂
V (H(θk0−1, Ik0−1, ν − 1)). So the sequence of blowing up (σk0 , ..., σ1) is of
order one in respect to (M0, θ0, I0, E0).
We now need to verify the induction hypotheses [b] for k = k0. We do this
by induction on j ≤ ν. Indeed, the hypothesis [b] is clearly true for j = 0, so
we can assume by strong induction that it is also true for j < j0. By equation
(5.5):
H(θk0 , Ik0 , j0) = H(θk0 , Ik0 , j0 − 1) + θk0 [H(θk0 , Ik0 , j0 − 1)]
= H(θk0 , Ik0 , j0 − 1) + θk0 [Kk0 (1).
j0−1∑
i=0
Kk0(−i)σk0∗H(θ0, I0, i)]
= H(θk0 , Ik0 , j0 − 1) +Kk0(1).
j0−1∑
i=0
Kk0(−i)θk0 [σ∗k0H(θ0, I0, i)]
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Now, using equation (5.3) and Lemma 3.2, we can continue the deduction of
H(θk0 , Ik0 , j0):
= Kk0(1)
j0−1∑
i=0
Kk0 (−i) [σk0∗H(θ0, I0, i) +Kk0 (−1)σk0∗θ0[σk0∗H(θ0, I0, i)]
= Kk0(1)
j0−1∑
i=0
Kk0 (−i) [σk0∗H(θ0, I0, i) +Kk0 (−1)σk0∗{θ0[H(θ0, I0, i)]}]
= Kk0(1)
j0−1∑
i=0
Kk0 (−i) [σk0∗H(θ0, I0, i) +Kk0 (−1)σk0∗H(θ0, I0, i+ 1)]
= Kk0(1).
j0∑
i=0
Kk0(−i)σk0∗H(θ0, I0, i)
So the formula is proved.
So, if we take the same sequence of blowing-up ~σ, but in respect to (M,M0, θ, I, E),
we obtain a θ-transverse sequence of blowings-up of order one:
(Mr, θr, Ir, Er) · · · (M1, θ1, I1, E1) (M0, θ0, I0, E0)
σr σ2 σ1
By Claim 5.7 and the fact thatMtgr = OMr , we conclude that σ∗H(θ0, I0, ν−
1) = Kr(1). So:
H(θr, Ir, ν − 1) = Kr(1).
ν−1∑
i=0
Kr(−i)σ∗H(θ0, I0, i)
= Kr(1).
ν−2∑
i=0
Kr(−i)σ∗H(θ0, I0, i) +Kr(−(ν − 2))
= H(θr, Ir, ν − 2) +Kr(−(ν − 2))
which implies that:
H(θr, Ir, ν) = H(θr, Ir, ν − 1) + θr[Kr(−(ν − 2))]
⊂ H(θr, Ir, ν − 1) +Kr(−(ν − 2))
= H(θr, Ir, ν − 1)
which proves that νMr (θr, Ir) is strictly smaller then ν. Now, since all blowings-
up are θ-transverse, by Proposition 2.12, the singular distribution θr is Log-
Canonical (resp. R-monomial). So, it only rests to prove the Functoriality
Statement [iii].
To this end, let φ : (M,M0, θ, I, EM ) −→ (N,N0, ω,J , EN ) be a chain-preserving
smooth morphism and ~σ = (σ1, ..., σr) and ~τ = (τ1, ..., τr) be the sequences
of blowings-up given in the above algorithm applied (M,M0, θ, I, EM ) and
(N,N0, ω,J , EN ) respectively (the length of the sequence may be chosen to
be the same up to isomorphisms). Since φ is Chain-Preserving, we have that
H(θ0, I0, ν − 1) = H(ω0,J0, ν − 1).OM0
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Now, since ~σ is the sequence of blowing-up given by Theorem 4.1 that resolves
H(θ0, I0, ν − 1) and ~τ is the sequence of blowing-up given by Theorem 4.1 that
resolves H(ω0,J0, ν− 1), by the functoriality of Theorem 4.1 the two sequences
of blowings-up ~σ and ~τ commute by smooth morphisms. In particular, for any
ideal sheaf K over Ni−1:
(σi)
∗(K.OMi−1 ) = (τ∗i K).OMi
So, if FM,i is the exceptional divisor of the blowing-up σi : Mi −→ Mi−1 and
FN,i is the exceptional divisor of the blowing-up τi : Ni −→ Ni−1, we have that:
O(−FN,i).OMi = O(−FM,i)
Furthermore, define KM,k(−α) and KN,k(−α) in the obvious way. We have
that:
KN,i(−α).OMi = KM,i(−α)
Now, the equality H(Ji, ωi, j).OMi = H(Ii, θi, j) holds for i ≤ r and j ≤ ν.
Indeed, we suppose by induction that H(ωi,Ji, j).OMi = H(θi, Ii, j) for i < k0
and any j ∈ N. Then:
H(ωk0 ,Jk0 , j).OMk0 = (KN,k0(1)
j∑
i=0
KN,k0(−i)τk0∗H(ω0,J0, i)).OMk0
= KM,k0(1)
j∑
i=0
KM,k0(−i)σk0∗H(θ0, I0, i)
= H(θk0 , Ik0 , j)
for any j ∈ N, which implies that the two sequences of blowings-up ~σ and ~τ
commute by chain-preserving smooth morphisms. This finishes the proof of the
Proposition.
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